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We construct an exact map between a tight-binding model on any bipartite lattice in presence of
dephasing noise and a Hubbard model with imaginary interaction strength. In one dimension, the
exact many-body Liouvillian spectrum can be obtained by application of the Bethe ansatz method.
We find that both the non-equilibrium steady state and the leading decay modes describing the
relaxation at late times are related to the η-pairing symmetry of the Hubbard model. We show
that there is a remarkable relation between the time-evolution of an arbitrary k−point correlation
function in the dissipative system and k-particle states of the corresponding Hubbard model.
Introduction.– The coupling to the environment often
has a non-negligible influence on a many-particle sys-
tem, and may drive it to a non-equilibrium steady state
(NESS), that is different from the ground or thermal
equilibrium states. Within the so-called Markovian de-
scription, assuming that the internal bath dynamics is
much faster than that of the system so there is no back ac-
tion of the system onto its environment, one has a well de-
fined mathematical description of open many-body sys-
tems in both classical and quantum contexts. In the
quantum realm, the open system’s Liouvillian dynamics
is described by the Lindblad master equation [1] for the
time-dependent density matrix. A standard way of ana-
lyzing the Lindblad equation is by means of perturbative
methods [2, 3], but it is highly desirable to have exact
solutions in specific representative cases. While NESSs
have been constructed exactly in a number of cases, in
both classical [4] and quantum settings [5–7], solving the
full dynamics, i.e. diagonalizing the Liouvillian, for any
nontrivial many-body system is a formidable task. In
the quantum case this has so far been possible only for
noninteracting systems [5]. On the other hand, in certain
classical stochastic many body systems like the asymmet-
ric simple exclusion processes, the full Markov chain can
be diagonalized in terms of the Bethe ansatz. [8] It is
then natural to ask whether there are quantum many-
body dissipative systems that are Bethe ansatz solvable.
In this Letter we present an exactly solvable dissipa-
tive many-body quantum system that is not equivalent
to a free theory: a fermionic tight-binding model on a
bipartite lattice with dephasing noise. In one spatial di-
mension this model is equivalent, up to boundary con-
ditions, to a dephased spin-1/2 XX chain. The model
has applications to ultra-cold atoms in an optical lattice
subjected to light scattering [9], and to superconducting
flux qubits coupled to a fluctuating electromagnetic en-
vironment [10]. The dissipation in the form of dephasing
destroys the quantum coherence, i.e. off-diagonal density
matrix elements in the Fock space basis. It is known that
such models exhibit diffusive behavior [11, 12].
Even though the Hamiltonian of our model is quadratic
in fermion operators, the dissipative term leads to quartic
terms in the effective evolution operator, which renders
its diagonalization a non-trivial task. We put forward a
simple unitary transformation, within the thermofield de-
scription [13], that maps the Liouvillian superoperator of
our model on an arbitrary bipartite lattice to the Hub-
bard Hamiltonian with imaginary interaction strength.
In one spatial dimension this means that the entire ma-
chinery of the Bethe ansatz formalism [14] is applicable:
we can obtain the full Liouvillian spectrum by solving the
Bethe-ansatz equations, as well as reconstruct the time-
evolution of the density matrix by expanding it over the
Bethe-ansatz wave-functions.
Dephasing model.– We consider dissipative many-body
dynamics of free fermions on a bipartite lattice in the
tight-binding approximation with Hamiltonian
H =
∑
〈j,k〉
(a†jak + a
†
kaj). (1)
Here a†j/aj are fermionic creation/annihilation operators
on site j, and 〈j, k〉 denote nearest-neighbour links con-
necting the two sublattices A and B. The dissipative dy-
namics is described by the Lindblad equation ∂ρ∂t = L[ρ],
where
L[ρ] = −i[H, ρ] +D[ρ], D[ρ] =
∑
j
(
2ljρl
†
j − {l†j lj , ρ}
)
.
(2)
The Lindblad operators are lj =
√
2γa†jaj . The deriva-
tion of this dissipation term follows the books [1, 15],
or Ref. [9] in the optical lattice context. The dephasing
strength γ is a function of the laser intensity and detun-
ing.
It is useful to express the generator of the time-
evolution (Liouvillian) in the thermofield representation
[13]. To that end we introduce a second set of fermionic
operators a˜†j and a˜j , which act on the density matrix by
right multiplication [16, 17]. The Liouvillian then takes
the form
L = −iH+ 2γ
∑
j
(
2a†jaj a˜
†
j a˜j − a†jaj − a˜†j a˜j
)
, (3)
where H = H − H˜ is the time-evolution generator of the
closed system in the thermofield representation. We note
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2that the total numbers of particles of each ‘flavour’ (non-
tilde and tilde operators) M1 =
∑
j a
†
jaj , M2 =
∑
j a˜
†
j a˜j
are conserved during time-evolution, as is their sum N =
M1 + M2. In the following we will choose M1 ≡ M and
N as good quantum numbers of our problem.
Transformation to imaginary Hubbard model.– We now
perform a unitary transformation which flips the sign of
the tilde-Hamiltonian
U =
∏
j∈A
eipia˜
†
j a˜j =
∏
j∈A
(1− 2a˜†j a˜j). (4)
In the transformed basis the generator of time-evolution
can be written as the Hamiltonian of the Hubbard model
at a finite chemical potential and imaginary interaction
strength u = iγ
HHubb ≡ iU†LU =
∑
〈j,k〉;σ=↑,↓
(
c†j,σck,σ + h.c.
)
+
+ 4u
∑
j
nj,↑nj,↓ − 2u
∑
j;σ=↑,↓
nj,σ. (5)
Here the fermionic operators for the spin-up and spin-
down are related to the normal and tilde operators of
the dephasing model by ci,↑ = ai, ci,↓ = a˜i, and nj,σ =
c†j,σcj,σ. The imaginary-u Hubbard model (5) exhibits
an SO(4) symmetry [14, 18, 19]. The generators of the
constituent η-pairing SU(2) algebra are ηz =
∑
j(nj,↑ +
nj,↓ − 1), η+ =
∑
j∈A c
†
j,↓c
†
j,↑ −
∑
j∈B c
†
j,↓c
†
j,↑ = (η
−)†,
and will play an important role in the following.
Steady State.– The NESS is characterized by the con-
dition Lρ = 0. In the sector L = N = 2M , where L is
the total number of sites, it is easy to read off the NESS
in the Hubbard model representation
|NESS〉 = (η†)M |0〉, (6)
where |0〉 is the fermion vacuum defined by cj,σ|0〉 =
0. Given that HHubb|0〉 = 0, the η-pairing symme-
try implies that the state (6) has zero eigenvalue as
well and therefore is a steady state. η-pairing states
like (6) attracted attention in the early nineties in re-
lation to high-Tc superconductivity, because they are ex-
act eigenstates of the Hubbard Hamiltonian that dis-
play off-diagonal long-range order[19]. However, in the
Hubbard model they can never be ground states. The
corresponding state in the dissipative model is obtained
by undoing the unitary transformation (4), and is of
the form
∑
nj∈{0,1} |n1, . . . , nL〉↑ ⊗ |n1, . . . , nL〉↓, where
|n1, . . . , nL〉 run over all Fock states of one flavour. Hence
the density matrix corresponding to the NESS is an iden-
tity operator and represents a completely mixed (infinite
temperature) state.
Correlation function – wave-function duality.– The
evolution of the expectation value of the operator O
obeys the equation
d〈O〉
dt
= tr
(
dρ
dt
O
)
= tr(L[ρ]O). (7)
A straightforward calculation (substituting the explicit
form of L[ρ] in Eq. (7) and using cyclic permutation in-
variance under the trace) shows that the equation for
the dissipative time-evolution of the 2k-point correlation
function
Gm1...mkn1...nk (t) = tr(a
†
m1 . . . a
†
mk
an1 . . . ankρ(t))
is given by the same equation as the evolution of the
density matrix elements corresponding wave functions in
the 2k particle sector Ψm1...mkn1...nk ≡ Gm1...mkn1...nk ,
ρ(t) =
∑
m1...mkn1...nk
Ψm1...mkn1...nk (t)a
†
m1 . . . a
†
mk
|0〉〈0|an1 . . . ank .
This duality, combined with the integrability of the
imaginary-u Hubbard model, gives a simple way for cal-
culating general correlation functions of the tight-binding
model with dephasing.
It has been noted previously [12] that a one dimen-
sional tight-binding model with (different) dephasing
gives rise to a closed system of equations for correlation
functions up to a given order, but in our case the Bethe
ansatz solvability makes the duality much more powerful.
Liouvillian spectrum in one dimension.– The fact that
the interaction strength is purely imaginary does not
spoil the algebraic integrability structure of the Hubbard
model. In fact, the Bethe ansatz wave-functions (related
to the system’s density matrix) and the Bethe ansatz
equations (BAE) are simply obtained from the regular
Hubbard model by taking the interaction strength to be
imaginary. The BAE for our case read [21]:
eikjL = F1
M∏
α=1
Λα − sin kj + γ
Λα − sin kj − γ , j = 1, . . . , N,
N∏
j=1
Λα − sin kj + γ
Λα − sin kj − γ = F2
∏
β,β 6=α
Λβ − Λα + 2γ
Λβ − Λα − 2γ , (8)
α = 1, . . . ,M.
Here kj and Λα are rapidities corresponding to charge
and spin excitations, and we have introduced phase fac-
tors F1,2 for later convenience. In the case at hand we
have F1 = F2 = 1. The eigenvalues of the Liouvillian
Lρ = ρ corresponding to a given solution of the Bethe
equation {kj} are
({kj}) = −2i
N∑
j=1
cos kj − 2Nγ. (9)
While the BAE allow us in principle to determine the full
spectrum of the Liouvillian, we will be mainly interested
in the structure of the slowest decaying NESS-excitations
[22], i.e. eigenvalues with the largest real parts.
Spectral properties of the Hubbard Hamiltonian are
commonly analyzed in the framework of the so-called
3string hypothesis[14, 23, 24], which assumes that, up to
corrections that are exponentially small in system size,
the roots of all solutions form particular “string” pat-
terns in the complex plane. The structure of solutions
of the imaginary-u BAE is substantially different than in
the usual Hubbard model. Interestingly, there exists a
class of string solutions involving both k’s and Λ’s and is
important for describing the late time behavior. A sin-
gle such “k-Λ string” of length m consists of 2m charge
rapidities k
(m)
α,j and m spin rapidities Λ
(m)
α,j such that for
λ
(m)
α < 0
k
(m)
α,j = arcsin(iλ
(m)
α − (m− 2j + 2)γ),
k
(m)
α,j+m = pi − arcsin(iλ(m)α + (m− 2j + 2)γ),
Λ
(m)
α,j = iλ
(m)
α + γ(m+ 1− 2j), 1 ≤ j ≤ m. (10)
For positive λ
(m)
α > 0 the structure of the string solu-
tion is the same as (10) with the replacement γ → −γ.
We stress that (10) are quite distinct from k-Λ-strings
in the usual Hubbard model [14]: the string centers are
imaginary rather than real, and the k’s enter as pairs (k,
pi + k∗) rather than as (k, k∗). An example of a k-Λ
string solution in our model is shown in the left inset
of Fig. 1. In the usual Hubbard model a k-Λ-string of
length m is a multi-particle bound state of m fermions
with spin up and m fermions with spin down [14, 25]. In
the present context k-Λ string solutions to the BAE cor-
respond to density matrices of our open system, that have
exponentially decaying off-diagonal matrix elements. For
example, in the sector N = 2M = 2 the NESS-
excitations Lρm = mρm, ρm = ρ†m can be represented
as ρm =
∑
x1,x2
ρm(x1, x2)|0 . . . 1x1 . . . 0〉〈0 . . . 1x2 . . . 0|,
where ρm(x1, x2) =
{
f(x1, x2), x1 ≥ x2,
−f(x1, x2), x1 < x2
with
f(x1, x2) = i
2(x1−x2)(w + (−1)x1+x2w∗)e−ξm|x1−x2|,
w = e−iqm(x1+x2) and qm = ±pimL , ξm = arccosh γsin qm ,
1 ≤ m ≤ L2 .
For the particular subset of solutions of (8) that con-
sists only of k-Λ strings we may use the string hypothesis
(10) to obtain the following set of equations for the string
centers λ
(n)
α
Lfm(λ
(m)
α ) = 2piJ
(m)
α +
∑
(m,β)
Θnm
(λ(m)α − λ(n)β
γ
)
. (11)
Here fm(x) = sgn(x)
(
pi − arcsin(ix + mγ) + arcsin(ix −
mγ)
)
, and Θnm(x) = 2θ(x/|n−m|+ 2) + · · ·+ 2θ(x/n+
m − 2) + θ(x/n + m) + (1 − δn,m)θ(x/|n − m|) with
θ(x) = 2arctan(x) is the same function as in the usual
Hubbard model. The (half-odd) integers J
(m)
α have
ranges |J (m)α | ≤ L−12 − 12
∑
n=1
(
2min(m,n) − δm,n
)
Mn.
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FIG. 1. Spectrum of the tight-binding model with dephasing
for L = 6, 2γ = 1.75. Vertical dashed lines indicate multi-
ples of −2γ. As a result of the PT-symmetry[26] of the Li-
ouvillian the spectrum exhibits a D2 point symmetry. Left
inset: Schematic representation of the 1kΛ-string solution
of the Bethe equations, for the imaginary u-Hubbard model
(full symbols), and for the usual Hubbard chain with real u
(empty symbols). Right inset: Close-up of the slowest decay-
ing modes. The numbers indicate the degeneracies, which are
consistent with translation from the lower to higher magne-
tization sectors via the η-symmetry. For example, 10 = 5 · 2
is obtained by counting the number of η-pairing descendant
states in sectors with higher numbers of particles (there are
L− 1 = 5), while the factor of 2 is due to a degeneracy in the
sector N = 2, M = 1 of η-pairing lowest weight states, which
is a consequence of the parity symmetry of the Hamiltonian
(5). The non-degenerate state shown has N = 2M = 6 and
is a singlet both with respect to parity and the η-pairing.
Here Mn is the number of k-Λ strings of length n, and
N = 2M =
∑∞
n=1 2nMn. The corresponding eigenvalues
of the Liouvillian are real and given by
 = 4
∑
(m,α)
Im
√
1− (i|λ(m)α | −mγ)2 − 2γN. (12)
Moreover, studies of small systems L ≤ 8 strongly sug-
gest that k-Λ string solutions and their η-pairing descen-
dant states provide all slowly decaying NESS-excitations.
In Fig. 1 we show the full spectrum of L for L = 6. The
states with Re() > −2γ are all given by k-Λ string solu-
tions and their η-pairing descendants, cf. the right inset
of Fig. 1. The situation for L = 8 is analogous. Assuming
this to hold in general, we can obtain the eigenvalues of L
with the largest real parts (i.e. the eigenvalues closest to
zero) from the equations (11) for the string centers. For
solutions consisting of a single k-Λ string n, i.e. Mn = 1,
Mj 6=n = 0, we find a sequence of eigenvalues with
n,j = − 1
γ
· 2pi
2(n+ j − 1)2
nL2
+O(L−4) , j ∈ N+, (13)
4where we have assumed n, |j|  L. Let us denote the
corresponding eigenstates by |n, j〉. Using the η-pairing
symmetry we can construct degenerate states in the sec-
tor N = 2M = 2k + 2n of the form
(η†)k|n, j〉 . (14)
This shows that the spectrum of the dephasing model is
gapless in the thermodynamic limit in any magnetization
sector. For large but finite L the smallest gap is given
by 1,1. The above construction carries over to general
nonintegrable bipartite lattices in the sense that NESS-
excitations can be constructed from two-particle states
by acting with an appropriate power of η†. In contrast
to the usual Hubbard model [20], perturbation theory in
1/γ suggests that η-pairing NESS-excitations are stable
to typical perturbations in the sense that they do not
couple to states in the complex part of the spectrum and
retain real eigenvalues.
Large γ limit.– It is known that in the limit of strong
dephasing γ  1 the late time dynamics of our system is
described by a classical stochastic process on the space
of the diagonal density matrices, with an evolution oper-
ator that is equivalent to Hamiltonian of the spin-1/2
Heisenberg chain [27]. This relation implies that the
NESS-excitations are gapless in any space dimension, as
the lowest lying excitation of the ferromagnet are gap-
less. We have already commented that the k-Λ solutions
describing the longest living NESS-excitations have ex-
ponentially decaying off-diagonal matrix elements (they
decay exponentially away from diagonal with a scale de-
termined from the solution of the BAE). In the large
γ limit further simplifications occur. In particular the
BAE (11) reduce to Takahashi’s equations for the spin-
1/2 Heisenberg ferromagnet: [23] rescaling the rapidities
λ
(m)
α = γµ
(m)
α and then taking γ →∞ gives
Lθ(µ(m)α /m) = 2piJ
(m)
α +
∑
(m,β)
Θnm
(
µ(m)α − µ(n)β
)
,
 = − 1
γ
∑
(m,α)
2m
m2 + (Λ
(m)
α )2
. (15)
The emergence of an effective description in terms of a
Heisenberg ferromagnet in the large-γ regime of the dis-
sipative model should be contrasted to the large-u ex-
pansion in the real-u Hubbard model. Indeed, the low
energy manifold for the Hubbard model with large real
interaction strength consists of configurations with zero
or one fermion per site only, while for the strongly dissi-
pative case the allowed configurations are those with zero
or two fermions per site (corresponding to the mostly di-
agonal density matrices). The analogue of the large-u
expansion in the dissipative case gives access to rapidly
decaying modes with  ≈ −2γN .
Relaxation dynamics.– It has been shown [11, 12] that
in the sector N = 2, M = 1 the relaxation dynamics is
diffusive, both by means of spectral considerations [11]
and by studying the decay [12] 〈2a†1a1 − 1〉 ∝ t−1/2 of
an initially localized excitation 〈2a†jaj−1〉t=0 = δj,1 [28].
By considering the off-diagonal elements of the density
matrix and using the duality between the density ma-
trices and correlation functions, one can easily calculate
the decay of coherences in the many-particle states of the
tight-binding model and obtain the dependence ∼ t−3/2
(similar to a numerical result for the coherences in the
XXZ model with dephasing obtained in Ref. 27). The
long time relaxation of many-particle states is influenced
by the bound-state-like NESS-excitations.
XX model with dephasing.– Most of our results ap-
ply also to the spin-1/2 XX chain with dephasing
HXX = 12
∑L
j (σ
+
j+1σ
−
j + σ
+
j σ
−
j+1), l
XX
j =
√
γ/2σzj ,
where σ+, σ−, σz are Pauli spin matrices. The XX
chain can be mapped to a tight-binding model with
dephasing by means of a Jordan-Wigner transforma-
tion, but we now have to impose periodic/antiperiodic
(p/a) boundary conditions in the even/odd magnetiza-
tion sectors.[29] Proceeding as before we eventually arrive
at an imaginary-u Hubbard Hamiltonian (5). However,
spin-σ fermions now have periodic (antiperiodic) bound-
ary conditions, if their total number is even (odd). Alto-
gether we therefore have four distinct sectors (p,p), (p,a),
(a,p), (a,a). As a consequence of this the imaginary-u
Hubbard Hamiltonian does not exhibit the full SO(4)
symmetry, but as (η+)2 acts within a given sector, it
commutes with the Hamiltonian. In spite of the changed
boundary conditions the model remains integrable. The
BAE are again of the form (8), but we now have F1 =
(−1)N−M−1, F2 = (−1)N . Low-lying excitations can
again be analyzed by means of the string hypothesis (10)
and the equations (11) for the string centers. The main
difference to the dissipative tight-binding model is that
in the XX case there is no closed form expression for
the expectation values of the k-point spin correlations
functions, as the spins are non-local in terms of Jordan-
Wigner fermions.
Generalization to open boundaries.– If in addition to
dephasing there is influx/outflux of particles on the
boundary sites, i.e. there are additional Lindblad opera-
tors l1,2 = a
†
1,L, l3,4 = a1,L, or l
XX
1,2 = σ
+
1,L, l
XX
3,4 = σ
−
1,L,
the Liouvillian in the thermofield language has the form
of the Hubbard model with imaginary interaction and
with an imaginary boundary magnetic field. The result-
ing model is again Bethe ansatz solvable [30]. We note
that the current-carying NESS of such a model has a
simple explicit matrix product form [6].
Conclusions.– We have shown that a dissipative tight-
binding model on a bipartite lattice can be mapped to
a Hubbard model with imaginary interaction strength.
The NESS and the relaxational dynamics at late times is
related to the η-pairing symmetry of the Hubbard model.
In one spatial dimension we have used the Bethe ansatz
5solution to derive exact results on the spectrum of the
Liouvillian. Our result pave the way to further studies
of Bethe ansatz solvable quantum dissipative systems.
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